Abstract. We determine the shape of large densest periodic packings of spheres with di erent radii. The density is measured by parametric density and the density deviation, which measures the average di erence between the density of nite and in nite packings. The asymptotic shapes are the Wul { shapes, which are polytopes and good models for crystal shapes.
Introduction
We determine the shape of large densest periodic packings of spheres with different radii. The special case of lattice packings was rst investigated in W1], W2]. In BS1] the analogue problem was investigated for quasiperiodic circle packings and in BS2] for quasiperiodic sphere packings.
General periodic sphere packings are investigated in S1], S2]. It turns out that in all cases the problem of maximal packing density is equivalent to a minimum problem for an averaging function, the density deviation, and this is formally equivalent to the Gibbs{Curie problem for minimal energy. As in the Gibbs{Curie problem the optimal shapes are polytopes, the Wul {shapes, which are good models for crystals or quasicrystals. So besides the mathematical motivation there is a strong motivation from crystallography. The general periodic case is of particular interest, because all ideal crystals can be modeled by periodic sphere packings. But the general case is much more delicate than the lattice case. The proof in S1] requires slight restrictions. So a proof without these restrictions is desirable and given in this paper.
The crucial point is the introduction of an appropriate generalization of lattice polytopes and the estimation of their lattice point number, which leads in a rather simple way to the Wul shape. The tools are from discrete geometry and convex geometry. For the rst we refer to CS], GL], R], for the second to SY]. The de nitions are introduced in sections 2 and 3. The main results are in section 4 and its proofs (as far as they are new) are in section 5. Section 6 surveys all applications to crystals and quasicrystals until now, which are scattered in several papers. Let L E d be a lattice with det L > 0 and L its dual or polar lattice.
For t j 2 E d let L j = L + t j ; j = 1; : : : ; n translates of L or brie y grids. Let C j E d ; j = 1; : : : ; n be convex bodies such that (L 1 + C 1 ) : : : (L n + C n ) is a packing. Then M = L 1 : : : L n is a periodic set and also called a periodic packing for C 1 ; : : : ; C n (cf. R]).
With V (C j ) = v j ; j = 1; : : : ; n ; V = (v 1 ; : : : ; v n ) and v = n P j=1 v j the classical density of an in nite periodic packing is (cf. R])
For the applications we always assume C j = r j B d ; j = 1; : : : ; n, i.e. the C j are balls of radius r j . This is no restriction, because (1) and (2) depend on the volume, not on the shape. We are now ready for the appropriate density de nition:
De nition 1 Let M; V and % > 0 be given. Then for an M{polytope P its parametric density is
For any polytope P let F i (P) ; i = 1; : : : ; k denote its facets. For simplicity F i denotes the point set as well as its (d?1){volume. Hence k P i=1 F i (P) = F(P), where F is the surface area. Further f i (P) = F i (P)=(V (P)) 1?1=d ; i = 1; : : : ; k denotes the relative surface area of a facet. With r(P) and R(P) we denote the inradius and the circumradius of P.
3. Facet Densities. Any u 2 L (u 6 = 0) determines an array of lattice{hyperplanes in L with normal vector u. If M = L is a lattice, then there is only one type of lattice{hyperplane and so the packing density of a facet with (outer) normal u is easy to determine. In the general case, if M is the superposition of translates L i of L equipped with spheres of di erent size, the determination of the facet density is more complicated.
One has to investigate the packing density for each of the L i and has to take into consideration the in uence of the packing density of the parallel layers of balls coming from the L j ; j 6 = i. This needs a careful (but elementary) analysis which is given in this section.
For any M{polytope P its parametric density can easily be calculated. Clearly one cannot expect general results for densest packings. But for suitable`large' M{ polytopes one obtains good asymptotic results. For this we need a rather technical If the z i are`large', the other facets with normals 6 2 U are`small' and lie`near' the (d ? 2){faces of P 0 . In general P 0 is not the convex hull of M{points, hence no M{polytope. In Lemma 2 it is shown that V (P) ? V (P 0 ) < c(V (P)) 1?2=d , where c depends only on M and U. For any i one can choose j i 2 1; : : : ; n]. It turns out that the choice of j i is essential for the local packing density at the surface of P.
The following local density functions were rst introduced in S1]:
De nition So it has homogeneity degree 1 rather than 0 as densities usually have. We use this notation, because it gives the appropriate density description.
Results
Our main result is Theorem 1. Let M; U and V be given, let P be an (M; U){polytope with r(P)=R(P) > " 0 ; = (V (P)) 1=d ; j i 2 1; : : : ; n] and % > max( (i; j i )=ku i k). Then (for ! 1) M (V; P; %) = M ? ?1 M (P; %) + O( ?2 )
and
De nition 4 M (P; %) is called the Density Deviation of P and %. Remarks: The rst error term in (3) M (P; %) measures the average di erence between M and parametric density. The second error term (or edge term) O ( ?2 ) depends on M; U; V;" 0 and %, but not on the size of P or of the f i .
If V (P) and hence is large, then M (P; %) is the essential error term. The choice of % guarantees that all summands are > 0 and hence M (P; %) > 0.
So among all (M; U){polytopes of same volume, i.e. of same , those with minimal M (P; %) are best packings and it is the central problem to nd the shapes which minimize M (P; %). We minimize M (P; %) in two steps: a) First we minimize the coe cients of the f i (P) in M (P; %), i.e. we replace (i; m)=ku i k by i = ku i k, for which we have:
Proposition: 1 2n i 1 2 , and both bounds are tight. In section 5 we give a short and elegant proof by U. Schnell S1] . b) Second we observe that the density deviation can be written as
with some i > 0. If the i are energies, then the problem of minimizing this sum for all polytopes with given unit normals U = fu 1 ; : : : ; u k g and xed volume V (P), hence for xed , is the famous Gibbs{Curie energy problem and solved in Wul 's theorem (1901): The optimal polytope is the Wul {shape fx 2 E d jhx; u i i i ; i = 1; : : : ; kg:
From the mathematical point of view the meaning of the numbers i > 0 is irrelevant. In fact, if we consider the facet density (Def. 3 and (4)) as weighted sum with weights v j =v, the v j can be volumes as well as weights, potentials or energies. So we get, independent of the physical meaning of the v j , in our case with the unit Remarks: The Wul {shape is a normalized asymptotic shape; hence no (M; U){ polytope. The choice of % guarantees that W M (U; %) is nonempty.
There are many proofs of Wul 's theorem so that we do not give one. The most famous one, based on energetic arguments, is due to M. v. Laue L] . The rst geometric proof is by Dinghas D] ; the shortest one by P.M. Gruber G] . In fact we got the rst hint on the relation between our results and Wul {shape by P.M. Gruber 
Proofs
For the proof of Theorem 1 we need 3 lemmas. The rst and second lemma require elementary convex geometry, the third one discrete geometry.
Lemma 1. For a polytope P E d with r(P)=R(P) > " 0 > 0 and for % > 0 The r i depend only on L and U, and k is xed. So Remarks: P might be degenerate or empty. If P \ L 6 = ;, we tacitly assume that 0 2 P. So we only consider P with 0 2 P. Any lattice polytope (i.e. the convex hull of lattice points) is a lattice facet polytope and hence a lattice normal polytope.
Lemma 3. Let L E d be a lattice and P a lattice normal polytope with U = fu 1 ; : : : ; u k g L and r(P)=R(P) > " 0 . Then
where " i 2 0; 1] and " i =ku i k is the distance between f i (P) and the next inner (d ? 1){sublattice of L parallel to f i . Further O( ?2 ) depends on U and " 0 .
Cor. 1 Lemma 3 also holds if L is replaced by a grid L j .
Proof of Lemma 3
Let P 0 be a lattice normal polytope with r(P 0 )=R(P 0 ) > " 0 > 0, without restriction 0 2 P 0 and P P 0 the next inner lattice facet polytope, i.e. with same facet normals u i and distance " i =ku i k; " i 2 0; 1) from the corresponding facet F 0 i of P 0 . Then
where O( ?2 ) depends only on " 0 . From now on we only consider the lattice facet polytope P with its facets F i .
For each x 2 L let D x denote its Dirichlet{Voronoi cell and c(x) = card fij((intD x ) \ (bd P)) \ F i 6 = ; ; F i facet of Pg: This gives a classi cation of all x 2 L into those with 1) c(x) = 0; 2) c(x) = 1; and 3) c(x) 2. We now consider the equation
1) For the x 2 L with c(x) = 0 either holds x 6 2 P or x 2 P. In the rst case x and its D x contribute 0 to each side of (6), and in the second case 1 to each side.
2) For the second class, i.e. those x 2 L with c(x) = 1, we need some geometry If x 2 int P, then there is exactly one x 0 6 2 P, such that the volumes of their corresponding D x \ P add up to det L, hence V (P)= det L to 1.
Further there is exactly one x 2 D ++ ij , and this counts 1 on the left of (6) and 1/2 in the rst and in the second summand on the right of (6). (6) is proved, and we rewrite (6) as follows:
From (5) and (7) and f i (P 0 ) = f i (P)+O( ?1 ) and card (P \L) = card (P 0 \L) the lemma follows, if we replace again P 0 by P.
Proof of Theorem 1
Under the assumptions of Theorem 1 let P be an (M; U){polytope. Then P is a lattice normal polytope with respect to the grids L j ; j = 1; : : : ; n. For each facet 
Applications: Wul {shapes of crystals
Before we come to various examples, we emphasize that the method does not work for nonconvex crystals like snow akes or nonconvex clusters like Fullerenes. For convex clusters or degenerate crystals like whiskers one needs related but different packing methods W3]. It is worth mentioning that our method with density deviation is an averaging process, which re ects real crystal growth, whereas individual best packings usually do not, as simple examples show. Of course densest packing cannot model all energetic events, in particular not at the atomic level. But it is more than surprising how far reaching the approach via packing density is. We now come to the applications.
With the previous methods one gets the Wul {shapes which depend on the prescribed sphere packing and the parameter %. The essential point for application is, how good it models ideal crystals. Clearly here we are only interested in the 3{ dimensional case. In W1], W2] the lattice case was investigated, which leads easily to the expected Wul {shapes, e.g. the cube and its truncations if L = Z 3 . Further for fcc the octahedron with its truncations (enlarging % enlarges the truncations). Clearly these coincide with 1{atomic crystals, which occur in nature, e.g. metals and noble gases. Of course the general periodic case is much more fruitful. In S1] Schnell showed for salt (Na Cl) that its Wul -shape is the cube and its truncations, for zinc{blend (ZnS) the tetrahedron and its truncations and for the diamond (which is no lattice packing) the octahedron and its truncations. In S2] he compared the fcc{lattice with all densest nonlattice packings, as e.g. hcp and proved that fcc has densest Wul {shape. As in the previous cases this coincides with reality; here with the dominant shape of noble gases (except Helium). It is remarkable that the Lennard{Jones potential in this case does not coincide with reality.
A natural question is, if these methods also work for quasicrystals, i.e. for quasiperiodic packings, which by de nition are not periodic. In BS1] and BS2] the methods could be applied with a slight modi cation. For planar quasiperiodic packings it was shown that the Wul {shapes are 10{gons, 20{gons, etc., i.e. just the observed shapes. Even more remarkable: For 3{dimensional quasicrystals it was shown in BS2], that the Wul {shapes are the dodecahedron or the rhombic triacontahedron and their truncations (depending on the underlying 6{dimensional lattice). This again coincides with reality. Of course there may be crystals (besides the above mentioned ones) which cannot be modeled this way, probably some with very complicated structure. But the previous results show the quality of the model.
